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Abstract. This paper investigates systematic changes in the
global atmospheric circulation statistics during Eurasian heat
waves (HWs). The investigation of Rossby wave energy
anomalies during HWs is based on the time series of Hough
expansion coefficients representing Rossby waves with the
troposphere–barotropic structures through the extended bo-
real summer in the European ERA5, ERA-Interim, Japanese
55-year Reanalysis (JRA-55) and Modern-Era Retrospective
analysis for Research and Applications (MERRA). The cli-
matological Rossby wave energy distribution is shown to fol-
low a χ2 distribution with skewness dependent on the zonal
scale.

The applied multivariate decomposition reveals signatures
of the Eurasian HWs in the probability density functions
(PDFs) of the Rossby wave energy across scales. Changes
in the PDFs are consistent with changes in the intramonthly
variance during HWs. For the zonal-mean state (the zonal
wavenumber k = 0), a decrease in skewness is found, al-
though it is not statistically significant. A reduction in skew-
ness hints to an increase in the number of active degrees of
freedom, indicating more independent modes involved in the
circulation. A shift in the spectral distribution of the k = 0 in-
tramonthly variance is shown to describe a weakening of the
mean westerlies near their core at 45◦ N and their strengthen-
ing at high latitudes. At planetary scales (k = 1–3), the skew-
ness in the troposphere–barotropic Rossby wave energy sig-
nificantly increases during HWs. This coincides with a re-
duction of intramonthly variance, in particular at k = 3, and
persistent large-scale circulation anomalies. Based on the χ2

skewness, we estimate a reduction of the active degrees of
freedom for the planetary-scale Rossby waves of about 25 %
compared to climatology. At synoptic scales (k = 4–10), no
change in skewness is detected for the Eurasian HWs. How-
ever, synoptic waves k = 7–8 are characterised by a statisti-

cally significant increase in intramonthly variance of about
5 % with respect to the climatology. In addition, a shift of
the entire Rossby wave energy distribution at synoptic scales,
along with amplification, is observed during HWs.

1 Introduction

Heat waves, periods with the daily maximum temperatures
exceeding the climatological conditions by certain thresh-
olds, have been increasing in number and magnitude, espe-
cially over Eurasia (e.g. Rousi et al., 2022). While the current
operational numerical weather and ensemble prediction sys-
tems forecast such extremes several weeks ahead (e.g. Emer-
ton et al., 2022), understanding the mechanism and dynam-
ics of heat waves poses a challenge. Heat waves (HWs) are
connected with persistent high-pressure systems (blockings).
Numerous studies focus on the onset and drivers of blocking;
however, no consensus exists due to the complexity of the dy-
namical and thermodynamical processes involved (e.g. Kautz
et al., 2022). Blockings are often parts of large-scale quasi-
stationary wave patterns (e.g. Stefanon et al., 2012). On one
side, persistent weather patterns are part of internal variabil-
ity. On the other side, the effect of climate change on the fre-
quency and persistence of these patterns is still under debate
(Woollings et al., 2018). For example, Park and Lee (2019)
showed that these persistent weather patterns can be forced
or triggered by remote anomalous tropical heating. While the
physical mechanisms leading to blockings are under discus-
sion (Petoukhov et al., 2013; Nakamura and Huang, 2018;
Teng and Branstator, 2019; Wirth and Polster, 2021), the
quasi-stationary behaviour of these wave patterns is shown
to lead to concurrent extreme events (Kornhuber et al., 2020;
Fuentes-Franco et al., 2022).
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In contrast to previous studies investigating particular as-
pects of HWs, our research aims to identify changes in the
global Rossby wave energy statistics during Eurasian HWs
and to couple them with the observed circulation. While a
number of studies addressed particular aspects of HWs over
Eurasia (e.g. Feudale and Shukla, 2011; Schneidereit et al.,
2012; Trenberth and Fasullo, 2012; Drouard and Woollings,
2018), their effects on the global spatio-temporal variance
spectra have not been studied. We analyse the global three-
dimensional (3D) circulation in terms of horizontal and ver-
tical scales of the Rossby waves and compare the HWs with
the climatology. As we show, the probability density func-
tion (PDF) of the Rossby wave energy, which is described by
the χ2 distribution, changes during the Eurasian HWs. The
changes are quantified by skewness of the PDFs for different
zonal wavenumbers. The associated reduction of the number
of active degrees of freedom compared to climatology can be
used to explain the coarse structure of blocking events in the
midlatitude troposphere.

The distributions of atmospheric fields are in general
known to be non-Gaussian (Sura et al., 2005; Perron and
Sura, 2013). However, the central limit theorem may still
be applicable when the sums of components in high-
dimensional systems are involved, with assumptions of in-
dependent and identical distributions of summing compo-
nents.1 As we demonstrate, the distributions of anomalies in
atmospheric energy can appear visually close to the normal
distribution due to the central limit theorem. However, the
energy anomaly distributions are still skewed, which can be
considered an inherited property from energy (χ2 distribu-
tions). The skewness, γ , of the χ2 distribution is given by
√

8/df, and the excess kurtosis, κ , is given by 12/df with
the number of independent degrees of freedom denoted by
df (Wilks, 2011). In the χ2 distribution, the term “degrees of
freedom” is defined by the number of sum of squares of inde-
pendent (uncorrelated) normally distributed variables. In our
analysis, the number of degrees of freedom is the number of
all possible modes used in the projection, while the number
of active degrees of freedom is a measure of the concentra-
tion of energy in large wavenumbers during a heat wave. It is
important that localised structures like blocking do not con-
sist of a finite set of low wavenumber modes but can also in-
clude contributions from higher wavenumbers (as is the case
for Fourier series). Therefore, the number of active degrees
of freedom is not a sharp condition but can be used to mea-
sure the system’s complexity. Note that because the atmo-
spheric circulation is the composite of the zonal-mean state
and the superposition of waves which might be dependent,
the statistical properties might deviate from the ideal situa-
tion.

1Under the independence of components or variables in a high-
dimensional system, one can consider their time series to be uncor-
related. The identity of distributions of summing components can
be regarded in terms of their mean and variances being equal.

Advanced statistical methods are common tools in the re-
search of extreme weather events. For example, Galfi and Lu-
carini (2021) analysed surface HWs using the large deviation
theory and found that the associated persistent atmospheric
patterns are not typical (in the statistical sense) when com-
pared to the climatology, but follow a dynamic which is al-
ready encoded in the natural climate variability. Lucarini and
Gritsun (2020) considered blockings to be manifestations of
unstable periodic orbits and their stability to be an indicator
of predictability and the involved number of degrees of free-
dom. They find low predictability at the onset and the decay
and increased predictability in the mature phase of blocking
events in the Atlantic.

A more common tool for the examination of midlatitude
circulation during heat waves is the Fourier series analysis
of single-variable data along the latitude circles. This ap-
proach identifies anomalies in the planetary- and synoptic-
scale Rossby waves during extreme events in terms of the
Fourier amplitudes and phases of temperature, geopotential
or wind variables at different levels. For example, Screen and
Simmonds (2014) found a significant increase in the monthly
variance and mean of anomalies of the Fourier amplitudes
of 500 hPa geopotential heights for zonal wavenumbers 3–8
and suggested that amplified planetary waves are connected
to temperature and precipitation extremes. Coumou et al.
(2014) analysed wind fields at 300 and 500 hPa and found
that zonal wavenumbers 6–8 are the most probable candi-
dates for quasi-resonance (amplified quasi-stationary Rossby
waves due to the resonance with free waves trapped within
the waveguide) according to Petoukhov et al. (2013). More
recently, Kornhuber et al. (2019) showed the coupling be-
tween the zonal wavenumber 7 in daily wind and temperature
data at several standard pressure levels and surface extremes,
such as HWs and floods which occurred during the boreal
summer 2018.

Our heuristic approach to spectral analysis of HWs con-
siders the horizontal and vertical scales simultaneously by
using the normal-mode function (NMF) decomposition to
project daily circulation fields onto Rossby and non-Rossby
components (Kasahara, 2020). The NMF decomposition is
multivariate, meaning that the wind and geopotential vari-
ables are represented by the same spectral expansion coeffi-
cient thereby separating the circulation into the balanced (or
Rossby) and unbalanced (non-Rossby) components.2

Previous applications of the NMF decomposition showed
that modal analysis complements other methods of analysing
global circulation by providing scale- and dynamical-regime-
dependent information on the variability and by quantifying
it in wavenumber space (Žagar et al., 2017, 2020, 2019). Ža-
gar et al. (2020) quantified amplitudes and trends in midlati-

2The real-time decomposition of the ECMWF circulation
in Rossby and non-Rossby components is available on the
MODES web page at https://modes.cen.uni-hamburg.de (last ac-
cess: 18 November 2022).
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tude travelling and quasi-stationary Rossby waves and in the
equatorial wave activity in the reanalysis data. They found
a statistically significant reduction of subseasonal variance
in Rossby waves with zonal wavenumber k = 6, along with
an increase in variance in wavenumbers k = 3–5 in the sum-
mer seasons of both hemispheres. However, they did not at-
tempt to relate these changes to the surface weather or ex-
treme events. This task is carried out in the present study.

Our goal is to investigate whether and how surface heat
waves during boreal summer over Eurasia affect the global
atmospheric variability spectrum. While it is not evident a
priori that regional HWs have their signatures in the global
Rossby wave spectra, we show that this is, in fact, the case.
First, we demonstrate statistically significant changes in the
global total energy anomalies probability density functions
(PDFs) during HWs. Then, we interpret the dynamics of the
planetary Rossby waves through the change in active degrees
of freedom and in temporal variance on intramonthly scales.
At last, we provide an overall picture of the changes in atmo-
spheric circulation across scales.

The paper is organised as follows. The 3D decomposition
method, statistical analysis and the heat wave identification
algorithm are explained in Sect. 2. Section 3 contains results.
First, we present examples of the NMF decomposition for
two recent HWs. This is followed by the results of statisti-
cal analysis of spatial spectra (climatological and HWs en-
ergies) and its interpretation by filtering parts of balanced
circulation back to physical space. Finally, we discuss how
temporal variance spectra change during HWs. Conclusions
are presented in Sect. 4.

2 Method and data

In this section we describe our research method that makes
use of the NMF decomposition and the MODES software
(Žagar et al., 2015). The method is applied to the four mod-
ern reanalysis datasets. We present the criteria for Eurasian
surface HWs and associated selection method for the spectral
expansion coefficients.

2.1 Normal-mode function decomposition of global
circulation

The NMF decomposition is carried out in the terrain-
following global coordinate system (λ,ϕ,σ ), where σ =
p/ps is the ratio of the vertical level pressure p and the sur-
face pressure ps, λ denotes longitude and ϕ is latitude. At
every time step t , the horizontal winds (u, v) and geopo-
tential height (h) on σ levels are projected to precomputed
vertical and horizontal structure functions (VSFs and HSFs,
respectively). The VSFs are the numerical solutions of the
vertical structure equation, whereas the HSFs are eigensolu-
tions of the Laplace equation without forcing and are given in
terms of the Hough harmonics. The Hough harmonics are de-

fined as a product of the latitude-dependent Hough functions
and harmonic waves in the longitudinal direction (e.g. Kasa-
hara, 2020). The horizontal and vertical structures are cou-
pled by the eigenvalues of the vertical structure equation, the
so-called “equivalent depth”. The reader is referred to Žagar
et al. (2015) and Kasahara (2020) and the references therein
for details of the theory.

The projection of discrete data consists of two steps. In the
first step, the data vector X(λ,ϕ,σ )= (u,v,h)T is expanded
into a series of orthogonal VSFs denoted Gm according to

X(λ,ϕ,σ )=

M∑
m=1

Gm(σ )SmXm(λ,ϕ) . (1)

The vertical-mode index m ranges from 1 to M , the total
number of vertical modes, that can be equal or less than the
number of vertical levels. For every m, the nondimensional
data vector Xm(λ,ϕ)= (ũ, ṽ, h̃)

T is obtained by the normal-
isation by the 3×3 diagonal matrix Sm with elements

√
gDm,

√
gDm and Dm, where Dm denotes the equivalent depth of

the vertical mode m. The nondimensional variables are de-
noted with ( )̃.

In the second step, the horizontal nondimensional motions
are projected onto a series of Hough harmonics H k

n for every
m as

Xm(λ,ϕ)=

R∑
n=1

K∑
k=−K

χkn (m)H
k
n(λ,ϕ;m), (2)

where K denotes the total number of zonal waves and
R is the total number of meridional modes. The complex
Hough expansion coefficients χkn (m) depend on three in-
dices: m, meridional mode index n and zonal wavenumber
k. For every n, the projection includes two types of mo-
tions: Rossby modes3 (quasi-geostrophic or balanced dy-
namics) and inertia–gravity modes that represent divergence-
dominated unbalanced dynamics. The inertia–gravity modes
consist of eastward- and westward-propagating solutions
and together with the equatorial Kelvin and mixed Rossby–
gravity waves constitute the non-Rossby modes that are not
used in this study.

It is the inverse of Eqs. (1) and (2) that is solved in the for-
ward projection. The second step gives the complex Hough
expansion coefficients χkn (m) as

χkn (m)=
1

2π

2π∫
0

1∫
−1

Xm

[
H k
n

]∗
dµdλ, (3)

where µ= sin(ϕ) and the asterisk (∗) denotes the complex
conjugate. The integrations in the zonal and meridional di-
rections are calculated by the fast Fourier transform and the
Gaussian quadrature, respectively.

3We use both “modes” and “waves” interchangeably but the lat-
ter refers to the case without the zonal-mean state (k = 0).
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MODES is applied to the four modern reanalyses: Eu-
ropean ERA5 (Hersbach et al., 2020), ERA-Interim (Dee
et al., 2011), the Japanese 55-year Reanalysis (JRA-55)
(Kobayashi et al., 2015), and the Modern-Era Retrospec-
tive analysis for Research and Applications (MERRA) (Rie-
necker et al., 2011). We use daily data at 12:00 UTC from
1980–2014 (1980–2019 for ERA5) on the regular Gaussian
grid that consists of 256× 128 grid points in the zonal and
meridional directions, respectively. Vertically the data are in-
terpolated on the predefined 43 σ levels. The same datasets
and setup were used in Žagar et al. (2020) except that ERA5
has been extended for the period 2015–2019. The projec-
tion is carried out using the following truncations: K = 100,
M = 27 and R = 150 which combines 50 meridional modes
for the Rossby modes, for the eastward inertia–gravity and
for westward inertia–gravity waves modes. Since the mixed
Rossby–gravity mode is counted as the first balanced mode,
the present study makes use of 49 Rossby modes for everym
and k, with the meridional mode index going from n= 1 to
n= 49.

We are interested in the balanced circulation with the
troposphere–barotropic vertical structure that characterises
the midlatitude weather during HWs. This is taken into ac-
count by selecting a subset of the VSFs that do not change
their signs within the tropopause. In the NMF decomposi-
tion, the rigid lid is at zero pressure, just like in the mod-
els used for reanalyses. The 43-level datasets extend verti-
cally up to about 0.5 hPa so that a number of VSFs are char-
acterised by a barotropic structure within the troposphere
meaning no zero crossing below the tropopause. The first
seven VSFs are shown in Fig. 1. With the middle-latitude
tropopause taken at 250 hPa, the VSFs with m= 1–5 can be
regarded as troposphere–barotropic modes.

2.2 Heat waves

The study area is the Eurasian region limited by the Ural
mountains (35–65◦ N, 10◦W–60◦ E). The study area is fre-
quently affected by HWs (e.g. Zhou and Wu, 2016), in partic-
ular eastern Europe and western Russia, a location of one of
the strongest HWs observed in recent decades (e.g. Barriope-
dro et al., 2011). For heat wave identification, we analyse
daily 2 m temperature fields for the extended boreal summer
(months May to September, denoted MJJAS) from 1980–
2014 (until 2019 for ERA5). The identification algorithm of
Ma and Franzke (2021) applies the following two criteria:
(i) the temperature exceeds the 95th percentile threshold and
(ii) the duration of the exceedance is longer than three con-
secutive time steps (3 d). Table 1 presents the list of days with
HWs in the four reanalysis datasets, which is based on the
algorithm. As the identification algorithm is performed inde-
pendently for each reanalysis, it is expected to have discrep-
ancies among them as seen in Table 1. A total of 13 HWs are
identified in ERA-Interim, JRA-55 and MERRA, but the du-
ration of HWs in individual datasets differs. Note that there

Figure 1. Vertical structure functions (VSFs) for the first seven
vertical modes. VSFs are derived for 43 σ levels using the stabil-
ity profile of ERA-Interim data. VSFs that do not change the sign
below the tropopause (defined as 250 hPa level) are troposphere–
barotropic modes.

are two cases with a shorter duration (2 d instead of 3 d) that
were included to recognise that the four reanalyses reproduce
the same HW events. All together, there are 537 d with HWs;
this is about 1.5 % of the total number of days, which is a
percentage expected for extreme events.

2.3 Time series of Rossby wave energy anomalies

Our statistics make use of Rossby wave energy anomalies
during HWs in comparison to the climatology. We compute
the energy time series, their anomalies and standard devi-
ations used for normalisation, followed by combining nor-
malised time series for all troposphere–barotropic modes and
statistical analysis. In the first step, the total energy (the ki-
netic energy plus the available potential energy) is computed
for every circulation mode ν, ν = (k,n,m), as the square of
the absolute value of the complex Hough expansion coeffi-
cient χν :

Iν = I
k
n (m)=

1
2
gDm

∣∣∣χkn (m)∣∣∣2 , (4)

where g is the gravity. For the derivation of Eq. (4), see Kasa-
hara (2020) or Kasahara and Puri (1981).

The time series of the daily total energy, Iν(t), span over
the MJJAS period within 35 years (1980–2014) for ERA-
Interim, JRA-55 and MERRA (Ny = 35) as well as 40 years
(1980–2019) for ERA5 (Ny = 40). The climatological an-
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Table 1. Heat waves in Eurasia during May–September 1980–2019.

Start date ERA5 ERA-Interim JRA-55 MERRA

Number of detected days

1 23 September 1994 3 3 2 3
2 18 June 2006 12 10 12 10
3 20 September 2006 3 5 6 2
4 20 May 2007 12 12 12 12
5 21 August 2007 6 6 6 6
6 5 September 2008 4 3 4 3
7 28 June 2010 26 27 27 26
8 27 July 2010 21 21 19 21
9 9 May 2012 4 4 4 4

10 14 June 2012 4 3 4 3
11 2 May 2013 7 7 6 5
12 17 May 2014 5 3 3 3
13 5 June 2014 5 6 5 6
14 2 June 2015 3 – – –
15 11 August 2015 3 – – –
16 17 September 2015 11 – – –
17 21 June 2016 4 – – –
18 20 August 2016 9 – – –
19 2 May 2018 8 – – –
20 27 June 2018 4 – – –
21 13 July 2018 22 – – –
22 29 August 2018 7 – – –
23 11 September 2018 12 – – –
24 1 June 2019 3 – – –
25 8 June 2019 5 – – –
26 18 June 2019 3 – – –
27 23 June 2019 4 – – –
28 24 July 2019 3 – – –∑
days 213 110 110 104

nual cycle is defined as an average over all years (Ny) for
each day in MJJAS as

〈Iν〉 =
1
Ny

Ny∑
y=1

Iν,y , (5)

and subtracted from daily energies to compute the energy de-
viations (or anomalies) as

I ′ν = Iν −〈Iν〉 . (6)

In the further analysis, the time series of the anomalous daily
energies, I ′ν , is considered to be the climatological state (cli-
matology) as a reference state for the comparison with the
time series of anomalous energies during heat waves. The
latter is formed combining only time steps of the observed
HWs according to Table 1. For every mode ν, we divide en-
ergy anomalies by their climatological standard deviation σν ,

Ĩ ′ν =
I ′ν

σν
. (7)

The mode-wise normalisation by the standard deviation is
crucial since the energy spectrum is red not only in terms of
the horizontal scales (Žagar et al., 2017), but also in terms
of the vertical scale. Note that the entire time series of en-
ergy anomalies (climatology) and time series during HWs
are normalised by different σ . This procedure is applied for
every reanalysis independently.

The next step is to split the normalised energy anoma-
lies of the single Rossby modes into planetary (k = 1–3)
and synoptic (k = 4–10) scales and to average over the five
troposphere–barotropic modes. The mean zonal flow defined
by k = 0 is analysed separately. For each k, averaging is ap-
plied also over meridional modes whenever the results are
discussed in terms of the zonal wavenumber. Finally, we
combine the time series of the normalised energy anoma-
lies from the four reanalyses in the three subdomains of the
global circulation: the zonal-mean state, the planetary waves
and the synoptic waves. Žagar et al. (2020) showed that the
differences between climatological variance spectra for the
four reanalyses are minor. Therefore, our PDFs consist of in-
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Figure 2. Atmospheric energy distribution for the Rossby wave
with the zonal wavenumber k = 7, meridional mode n= 3, and ver-
tical mode index m= 1 in ERA5 for 1980–2014. The dashed black
lines correspond to the theoretical χ2 distribution (df represents the
degrees of freedom).

dependent but similar time series. Thus, we can detect robust
features of distributions of energy anomalies across different
datasets.

3 Results

Our presentation of the results starts by showing that the se-
lected Rossby modes from the NMF decomposition and the
applied HW detection method correspond to the circulation
patterns typical for the HW events. After demonstrating our
methodology, we continue with the statistical analysis of the
Eurasian HWs in global spectra and wrap up by coupling sta-
tistical properties with the circulation changes during HWs.
But first we demonstrate in Fig. 2 that the global energy in
a single Rossby mode is χ2-distributed.4 The presented ex-
ample uses the energy Iν (Eq. 4) of the Rossby mode with
ν = (k,n,m)= (7,3,1), which represents a part of midlati-
tude barotropic circulation at synoptic scales. The histogram
and the fit of the χ2 distribution with 2 degrees of freedom,
df= 2, correspond to the real and the imaginary parts of the
time series of I kn (m)= I

7
3 (1). The Kolmogorov–Smirnov test

reveals a negligible p value, confirming the fit. Therefore, we
find that the approximation of χ2-distributed energy is satis-
fied to a high degree, as expected.

4The Greek letter χ used for the statistical distribution is not
related to our Hough expansion coefficient χν , the notation of which
follows Žagar et al. (2015).

3.1 Northern Hemisphere midlatitude circulation
during heat waves

Now we demonstrate that the selected subset of vertical
modes is suitable for the statistical analysis of HWs by show-
ing the climatological state and two selected events. Fig-
ure 3a depicts the May–September balanced wave circula-
tion (Rossby modes with k > 0 and all m, n) at σ level close
to 500 hPa. The pattern remains almost the same when only
the troposphere–barotropic vertical modes, m= 1–5, are re-
tained (Fig. 3b). This confirms our selection of the VSFs.
Figure 3 is based on the ERA5 results, but other datasets pro-
vide similar results.

The circulation during the Eurasian HWs is commonly as-
sociated with the blocking and can be in the NMF-filtered
circulation during two recent HW events: the Russian heat
wave in 2010 (Barriopedro et al., 2011) shown in Fig. 3c and
the European heat wave in 2019 (Xu et al., 2020) displayed in
Fig. 3e. The difference with respect to climatology in Fig. 3b
is seen in greatly enhanced amplitudes of the anticyclonic
circulation over the observed surface temperature extremes
(Western Russia and Europe). For the Russian heat wave
(Fig. 3c, d), anomalies over Asia have been coupled to the
Pakistan flood (Lau and Kim, 2012). Similarly, the wavy pat-
tern along the latitudinal belt depicts teleconnections (Teng
and Branstator, 2019). The difference between climatology
and HWs (Fig. 3d, f) shows the meridional extension of the
circulation anomalies from the tropics to the polar regions, in
agreement with the suggested coupling of these regions dur-
ing midlatitude extremes (Behera et al., 2012). Overall, the
patterns shown in Fig. 3 are qualitatively known from previ-
ous studies. The novelty is that our results are produced by
multivariate filtering of the global 3D circulation, allowing a
scale-dependent quantification of the circulation and anoma-
lies associated with extreme events.

3.2 Global statistics in Rossby-wave space: climatology

Our next step is to investigate how the Eurasian HWs affect
the global spatial variability spectrum indicating their impact
on global circulation. Here, the term global variability spec-
trum refers to the PDFs of the normalised anomalies in global
energy, whereas the effects (or signatures) of HWs imply
significant changes in the distribution of energy anomalies.
The climatological PDFs are analysed for zonal wavenum-
bers corresponding to three ranges as described in Sect. 2:
(i) the zonal-mean state, k = 0, (ii) the planetary-scale cir-
culation k = 1–3 and (iii) the synoptic-scale circulation with
k = 4–10. We focus on the skewness which is not impacted
by the normalisation.

Figure 4a shows the PDF for the case when all zonal
wavenumbers are included in the analysis. With the skew-
ness equal to 0.38, the PDF clearly deviates from a Gaus-
sian distribution. A deviation from the normal distribution
is found for all three ranges of wavenumbers (Fig. 4b–d).

Weather Clim. Dynam., 3, 1399–1414, 2022 https://doi.org/10.5194/wcd-3-1399-2022
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Figure 3. (a, b) Climatological Rossby wave circulation for extended boreal summer (MJJAS) at the σ level close to 500 hPa in the mid-
latitudes. (a) All zonal wavenumbers k > 0, all meridional modes n and all vertical modes m are included. (b) As in panel (a), but only
troposphere–barotropic vertical modes, m= 1–5. (c) As in panel (b) but for the Russian heat wave (HW) in 2010. (d) Difference between
panels (c) and (b). (e) As in panel (b) and panel (f) is as in panel (d) but for the European HW in 2019. Coloured contours are geopotential
height anomalies (in gpm). The wind speed is shown by the length of the wind vectors (with 15 m s−1 as a reference vector).

While the all ranges exhibit noticeable asymmetry, the skew-
ness for the zonal-mean and planetary-scale wave PDFs is
almost 2 times greater than that of the synoptic-scale waves.
In addition, we note that the distributions for the zonal-mean
state and the planetary scales are broader than for the syn-

optic scales. This may reflect more timescales with a larger
range of magnitudes being associated with large-scale vari-
ability in comparison to the synoptic scales.

Focusing on the skewness and kurtosis of the PDFs, Fig. 5
shows box plots of the respective parameters for all four

https://doi.org/10.5194/wcd-3-1399-2022 Weather Clim. Dynam., 3, 1399–1414, 2022
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Figure 4. PDFs of the normalised energy anomalies in the global balanced (Rossby mode) circulation for (a) all wavenumbers k, (b) the
zonal-mean state (k = 0), (c) planetary-scale waves (k = 1–3) and (d) synoptic-scale waves (k = 4–10). The empirical PDFs are depicted as
green bars. The dark green curve is the kernel density estimator (KDE).

PDFs. Both the climatology and the HWs are presented in
the figure, but the latter will be discussed in the next sec-
tion together with the HW PDFs. The robustness of the sta-
tistical analysis is checked by applying bootstrapping with
replacement for skewness and excess kurtosis with 1000 re-
alisations for every presented wavenumber range. All results
are found to be within the defined 95 % confidence intervals
(CIs) for each wavenumber range (not shown). The skew-
ness and kurtosis show that the normalised energy anomaly
distribution has the highest asymmetry at the planetary scales
and the zonal-mean circulation, seen as extended right tails
in the PDFs in Fig. 4. The different numbers of contribut-
ing modes can partly explain the different skewnesses in the
four wavenumber ranges. However, changes in the dynamics,
such as during HWs, can modify the skewness and the active
degrees of freedom, as discussed next.

Changes in the Rossby-wave energy statistics during
heat waves

Now we compare PDFs during the observed HWs over Eura-
sia with the climatology in terms of the skewness and excess
kurtosis that diagnose the changes in shape, especially in the
tails of distributions.

The PDFs of the normalised energy anomalies in Fig. 6
demonstrate how probabilities of the energy deviations
change during HWs. For the normalised total energy anoma-
lies (all k; Fig. 6a) the PDF becomes broader with a longer
positive tail indicating more high-energy extremes. For the
zonal-mean flow (k = 0; Fig. 6b) only small changes are visi-
ble on the first view. The PDF of the planetary waves (k = 1–
3; Fig. 6c) shows a shift of the maximum towards negative
values and more positive values. While the aforementioned
changes in the entire PDFs are not significant, we identify
a statistically significant change (according to the Mann–
Whitney U test with 95 % confidence) in the PDFs of syn-
optic Rossby waves (k = 4–10; Fig. 6d). Here, the complete
distribution is shifted to higher values without change in its
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Figure 5. Box plots for the (a) skewness and (b) excess kurtosis of the PDFs of normalised energy anomalies for four circulation components:
all Rossby modes (all k), the zonal-mean flow (k = 0), planetary-scale Rossby waves (k = 1–3) and synoptic-scale Rossby waves (k = 4–10).
Vertical lines mark 95 % confidence intervals. Green and red shades denote the climatology and HWs, respectively.

shape. The shift can be interpreted as increased positive devi-
ations in the synoptic-scale energy during HWs. More energy
in synoptic-scale circulation can be viewed as more inten-
sive cyclones and anticyclones, which are found to maintain
blocking by eddy straining (Shutts, 1983) and selective ab-
sorption (Yamazaki and Itoh, 2013) mechanisms.

How do the skewness and the excess kurtosis change dur-
ing the Eurasian HWs? An increase (decrease) in skewness
hints to fewer (more) active degrees of freedom, which can
be interpreted as less (more) independent modes contributing
to the variability. This can be caused by both a change in the
number of contributing modes and a change in temporal co-
herence between different modes contributing. An increase
in excess kurtosis reflects a rise in the probability of extreme
values.

Together with the climatology, Fig. 5 shows the skew-
ness and the excess kurtosis for the HWs. For HW events,
the two quantities change qualitatively the same way for dif-
ferent ranges of the wavenumbers. While we find almost no
changes for the synoptic waves, changes are the largest at the
planetary scales in the excess kurtosis (Fig. 5b). In this case,
the excess kurtosis for extreme events is approximately twice
as large as climatology, which reflects a rise in the probabil-
ity of extreme values. The opposite change is found for the
zonal-mean flow, where skewness and the excess kurtosis de-
crease; this implies that the distribution has fewer extreme
values. We conclude that anomalies of the planetary-scale
circulation show relatively less (and more coherent) vari-
ability in general and persistent anomalies are generated as
shown in Fig. 3d and f, although positive extremes are more

likely. On the other hand, the zonal-mean flow anomalies be-
come weaker in general, in agreement with Coumou et al.
(2014).

The change in skewness allows for the estimation of the
change in the active degrees of freedom during the HWs
compared to the climatology. For the estimation, we use the
exact relation for the skewness of the χ2-distributed variable,
γ =
√

8/df, where df is the number of squares of the inde-
pendent Gaussian variables with a unit variance which de-
fines the χ2-distributed variable. We use dfe/dfc = γ

2
c /γ

2
e ,

which says that the ratio between the number of active de-
grees of freedom during HWs and climatology, dfe and dfc
respectively, is equal to the ratio of their skewnesses γe
and γc, respectively. For the planetary waves which show
the largest change, the estimated γe ≈ 1.2 and γc ≈ 0.6 (see
Fig. 5a) yield a reduction of the active degrees of freedom of
about 25 % during HWs.

Finally, we make a note of the fact that the changes in
PDFs during the Eurasian HWs apply to the global atmo-
sphere. Our Rossby modes consist of symmetrical (n odd)
and asymmetrical (n even) components with symmetry with
respect to the Equator defined for the geopotential height and
zonal wind fields. We checked that both symmetrical and
asymmetrical parts contribute to the PDFs of all meridional
modes. In other words, the Rossby waves in the Southern
Hemisphere might have contributed to the results presented.
However, taking into account the lower frequency of atmo-
spheric blocking (Wiedenmann et al., 2002) in the Southern
Hemisphere, we may assume that this influence is negligible.
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Figure 6. As in Fig. 4, but for the Eurasian heat waves listed in Table 1.

3.3 Changes in planetary-scale circulation during heat
waves

The changes in the PDFs for different scales can be physi-
cally interpreted by filtering selected Rossby waves to physi-
cal space, similar to what has been done in Fig. 3. Instead of
case studies, we now present the planetary-scale circulation
averaged over all days with observed extremes. As earlier, we
show the horizontal circulation at ERA5 σ level near 500 hPa
as representative for the troposphere–barotropic circulation.

Figure 7a is very similar to Fig. 3b, which included all
zonal wavenumbers. Figures 7b and c reveal that during the
Eurasian HWs, a large enhancement of the positive geopo-
tential height anomaly over northern Europe and a negative
geopotential anomaly over the North Atlantic and central
Asia take place. The vertical cross sections along the latitude
circle 54◦ N reveal the expected troposphere–barotropic ver-
tical structure of anomalous circulation that extends through-
out the lower stratosphere (Fig. 7d, e). The northward winds
over Europe (0–30◦ E) and southward winds over the Asian
part of Russia (60–90◦ E) are enhanced during HWs. Over-
all, we find an increase in wave amplitudes and change in
phases as can be noticed by westward and northward shifts

in Fig. 7b, c and d, e in the Baikal lake area (90–120◦ E).
The results in Fig. 7 align with Teng and Branstator (2012)
and Ragone and Bouchet (2021), where the zonal wavenum-
ber k = 3 pattern was found to be dominant for HWs that
occurred in the US, France and Scandinavia. Therefore, the
results demonstrate that changes in atmospheric circulation
during surface extremes occur not only regionally but also in
remote regions, similar to the idea of teleconnection patterns
noted in recent studies (e.g. Kornhuber et al., 2019).

3.4 Changes in intramonthly variance during the
surface heat waves

So far, we discussed signatures of HWs in spatial variance
(energy). Now we investigate related changes in temporal
variance on intramonthly scales. The temporal variance and
its square root, variability, are usually studied at single points
or using the time series of atmospheric indices such as the
North Atlantic Oscillation. The global intraseasonal variance
was analysed by Žagar et al. (2020), who showed statistically
significant trends in both midlatitude Rossby waves and in
large-scale equatorial waves. Here, we compare the climato-
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Figure 7. Planetary-scale troposphere–barotropic Rossby waves (k = 1–3, m= 1–5, all n) at the σ level close to 500 hPa in ERA5. (a) Mean
circulation in May–September in 1980–2019, (b) composite of 28 Eurasian heat waves (HWs) presented in Table 1, and (c) difference
between panels (b) and (a). Coloured contours are geopotential height anomalies every 20 gpm. The wind speed is shown by the arrow length.
(d)–(f) Longitude–pressure cross sections of planetary-scale geopotential height (colours) and meridional wind (isolines) perturbations along
54◦ N. (d) Climatology, (e) HWs, and (f) difference between panels (d) and (e). Solid and dashed contours in panels (d)–(f) correspond to
the northward and southward meridional wind speed, respectively, every 2 m s−1.

logical intramonthly variance with that for the months with
the observed Eurasian HWs in all reanalyses.

The unbiased variance (J kg−1) is computed as

Vν =
1

N − 1

N∑
t=1

gDm
∣∣χν(t)−χν∣∣2 , (8)

where χν is the monthly mean andN is the number of days in
a single month. As the 3D NMF expansion is a complete rep-
resentation of the system, the components ν of the state vec-
tor are statistically independent and correspond to indepen-
dent degrees of freedom, as discussed in Sect. 2. The zonal
wavenumber variance spectra are obtained by summing the
variances in the five vertical and all meridional modes as pre-
viously.

Intramonthly variance is computed for all months and av-
eraged to create the climatological variance spectrum, Vν .
The averaging over all months with heat waves gives us the
HW variance spectrum V hν (here we drop extra signs for
the averaging operator). The relative change in intramonthly

variance due to HWs is

V hν −Vν

Vν
or

V hν

Vν
− 1 . (9)

The global intramonthly Rossby wave variance spectrum
is shown in Fig. 8a. It is a red spectrum, similar to the subsea-
sonal variance spectra in Žagar et al. (2020). The redness of
the spectra in Fig. 8a makes differences between the clima-
tology and HWs difficult to detect, but they are made clear by
zooming in on the planetary and synoptic scales displayed as
an inset panel. It shows a variance reduction of about 6 % in
the zonal wavenumber k = 3 along with the 5 % variance in-
crease in k = 7–8. We note that the changes in intramonthly
variance are consistent with the shifts of the maxima of the
respective normalised energy anomaly PDFs (Fig. 6c, d). In
addition, the reduction of planetary wave intramonthly vari-
ance is also consistent with the appearance of the persistent
large-scale anomaly shown in Fig. 7.

The blue shading around the variance spectra in Fig. 8a de-
picts the 95 % CI obtained through bootstrapping. It suggests
the largest uncertainty at planetary wavenumbers. The vari-
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Figure 8. (a) Intramonthly variance spectra of the Rossby waves for the climatology (blue) and Eurasian heat waves (magenta). The embed-
ded panel shows the relative change in percentages of the climatology. The blue shading denotes the 95 %-confidence intervals. (b) Changes in
the intramonthly variance with respect to climatology as a function of the zonal wavenumber and meridional mode including the zonal-mean
state.

ance reduction at k = 3 is within 95 % CI and is therefore
insignificant. At k = 7–8, the intramonthly variance during
HWs is slightly outside the CI; therefore, the variance change
is considered significant. We note here that our findings are
based on a relatively small sample of identified HWs and that
many events lasted under a week. To provide stronger evi-
dence, general circulation model (GCM) simulations can be
performed, which is the scope of future studies.

A more detailed view of the changes in the global intra-
monthly variance during HWs is provided in Fig. 8b also in-
cluding the zonal-mean state. The variance reduction at k = 3
and an increase at k = 7–8 are seen across multiple merid-
ional modes n, in agreement with the midlatitude character
of HWs. The quantitatively largest variance change is, how-
ever, seen in the zonal-mean state k = 0 with a positive and
negative change in the two asymmetrical meridional modes,
n= 4 and n= 6, respectively. The change in k = 0 can be ex-
plained using the latitudinal profile of the zonal-mean zonal
wind presented in Fig. 9. First, it shows that the maximum
zonal-mean zonal wind at 45◦ N during HWs is about 10 %
weaker than the climatology and slightly shifted (about 1◦)
northward. The jet near 45◦ N is more confined in the tropo-
sphere, with the 10 m s−1 isoline near 300 hPa compared to
200 hPa in climatology. This means that the vertical shear of
the mean zonal wind decreases during the Eurasian HWs.

Other features of the HWs seen in Fig. 9 are twice as
strong as zonal-mean zonal winds in the latitude belt between
60 and 90◦ N with a peak difference of up to 3 m s−1 at 75◦ N.
The dipole shape of the difference in Fig. 9c is in Fig. 8b
seen as a variance decrease in the meridional mode n= 4
and an increase in n= 6. Note that Fig. 9 is obtained by filter-
ing χ0

n to physical space. Similar filtering for any horizontal

or vertical scale of interest is straightforward, which makes
the holistic modal-space statistics an attractive global com-
plement to the single-variable, single-level Fourier analysis.
We speculate that the enhancement of high-latitude k = 0
zonal winds is a component of more persistent double jets
over Eurasia during HWs recently discussed by Rousi et al.
(2022).

4 Conclusions

Extreme events such as surface HWs are accompanied by
changes in atmospheric circulation across many scales. Our
study shows that Eurasian HWs have signatures in the global
balanced circulation. The changes in global statistics of the
Rossby-wave variance are made evident by analysing the
four modern reanalyses: the ERA5, ERA-Interim, JRA-55
and MERRA datasets. The Rossby waves are identified by
a multivariate projection of the global horizontal winds and
geopotential height on the eigensolutions of the linearised
primitive equations on the sphere with a basic state at rest
(the so-called normal-mode functions). A complete projec-
tion basis provides global statistics of Rossby waves as a
function of the zonal wavenumber, the meridional mode in-
dex and the vertical modes associated with the vertical struc-
ture functions. The method includes scale-selective multi-
variate Rossby-wave filtering in physical space offering an
attractive global complement to the single-variable, single-
level Fourier analysis.

Our analysis focuses on the Rossby waves with the
barotropic structure within the troposphere that is character-
istic of the midlatitude circulation during HWs. The recon-
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Figure 9. Zonal-mean zonal wind in the Northern Hemisphere troposphere in 1980–2019, May–September ERA5 data. (a) Climatology,
(b) Eurasian heat waves (HWs) and (c) climatology – HWs.

structed physical space picture of the Eurasian HWs is in
agreement with previous studies (Lau and Kim, 2012; Be-
hera et al., 2012; Coumou et al., 2014; Teng and Bransta-
tor, 2019). We find largely increased amplitudes of the posi-
tive geopotential height anomaly over northern Europe, oth-
erwise typical for the extended summer period, and a nega-
tive geopotential anomaly over the North Atlantic and cen-
tral Asia. The anomalous circulation extends throughout the
lower stratosphere. In addition, there are westward and north-
ward shifts in the circulation. During HWs, the zonal-mean
westerlies somewhat weaken near their climatological max-
imum at 45◦ N but get twice as strong in high midlatitudes
(centred at 75◦ N). Future work should couple these findings
with the study by Wirth and Polster (2021) on the role of
Rossby waves in processes leading to the double jet forma-
tion, recently discussed for Eurasian HWs by Rousi et al.
(2022).

The statistical analysis is carried out on the complex
time series of the Hough expansion coefficients represent-
ing Rossby modes across many horizontal scales with the
troposphere–barotropic vertical structure. We demonstrate
that the energy distribution of a single mode follows a χ2

distribution. Statistics of the normalised energy anomalies
show that the zonal-mean state (k = 0) and the planetary-
scale (k = 1–3) circulation are more skewed than the syn-
optic and smaller scales, with extended right tails. Increased
skewness of the distribution hints to the reduction in active
degrees of freedom. This can be interpreted as fewer inde-
pendent modes contributing to the observed variability, ei-
ther because the number of total modes is smaller or because
there is temporal coherence between different modes.

During the Eurasian HWs, the skewness in planetary-scale
Rossby waves increases, while the opposite occurs in the
zonal-mean state. The increase in skewness for planetary-
scale waves reveals the decrease in the number of active
degrees of freedom during HWs. This aligns with the re-

sults of Lucarini and Gritsun (2020), which are based on
the atmospheric stability during Atlantic blockings. Based on
the χ2 skewness, we estimate a reduction of the active de-
grees of freedom for the planetary-scale Rossby waves dur-
ing Eurasian HWs of about 25 % compared to climatology.

Consistent changes in wavenumber space are found in the
intramonthly variance. Eurasian HWs are characterised by
a statistically significant increase of about 5 % in the intra-
monthly variance at synoptic scales k = 7–8 with respect to
climatology. This is consistent with increased synoptic activ-
ity during blocking (e.g. Shutts, 1983; Yamazaki and Itoh,
2013). In contrast, a reduction of intramonthly variance in
k = 3 of about 6 % is found not to be statistically significant.
Future studies with longer datasets, such as climate model
outputs, are an opportunity for model validation and larger
datasets of extreme events.

Despite the uncertainties due to the limited sample size,
our results provide the following overall picture, consis-
tent with previous studies. During HWs, the planetary-
scale Rossby waves (primarily k = 3) exhibit reduced intra-
monthly variability. The involved modes are less indepen-
dent from each other and a persistent large-scale anomaly is
formed, typically referred to as blocking. On the other hand,
the intramonthly variability of the synoptic Rossby waves in-
creases, particularly at the zonal wavenumbers k = 7–8. The
contributions of more active meridional modes to the zonal-
mean flow during HWs, perhaps excited by eddy-mean flow
interactions, show as an enhancement of the mean westerlies
north of 60◦ N and their weakening near 45◦ N.

Code and data availability. The ERA-Interim datasets are avail-
able via https://apps.ecmwf.int/datasets/data/interim-full-daily/
levtype=ml/ (last access: 18 November 2022; Dee et al., 2011;
https://doi.org/10.1002/qj.828), and ERA5 reanalysis datasets are
available via https://cds.climate.copernicus.eu/cdsapp#!/search?
text=ERA5 (last access: 18 November 2022; Hersbach et al., 2020;
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https://doi.org/10.1002/qj.3803). The MERRA and JRA-55 are
available at https://disc.gsfc.nasa.gov/datasets?project=MERRA
(last access: 18 November 2022; Rienecker et al., 2015;
https://doi.org/10.1175/JCLI-D-11-00015.1) and https:
//search.diasjp.net/en/dataset/JRA55 (last access: 18 November
2022; Kobayashi et al, 2015; https://doi.org/10.2151/jmsj.2015-
001), respectively. The MODES software can be requested via
https://modes.cen.uni-hamburg.de (last access: 18 November 2022;
Žagar et al., 2015; https://doi.org/10.5194/gmd-8-1169-2015).
The time series of the Hough expansion coefficients for the four
reanalyses are available upon request from the authors.
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